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1 Introduction1

Covariates that vary both between individuals and over time present a challenge in the2

analysis of data from capture-recapture studies. Such quantities can only be measured3

for the subset of individuals captured on each sampling occasion and so a large pro-4

portion of the values appearing in the likelihood function will be unknown. Moreover,5

these values cannot be considered missing at random and simply ignored because of6

the covariate’s potential effect on the probability that an individual is observed. This7

is of particular concern if the covariate is continuous because the likelihood will de-8

pend on high-dimensional integrals which make it impossible to evaluate analytically9

and very slow to evaluate numerically. Bonner and Schwarz (2006) present a Bayesian10

solution using the complete-data likelihood of the conditional Cormack-Jolly-Seber11

model (CJS) to estimate the effects of such covariates on the survival probabilities12

of the marked individuals; however, the method does not allow estimation of the13

population’s size. The current work extends the Bayesian approach to the uncon-14

ditional Jolly-Seber model (JS) in order to estimate the size of a population from15

capture-recapture data when the probabilities of capture or survival are functions of16

continuous, time-dependent, individual covariates.17

The JS and CJS provide the basis for most models of open-population capture-18

recapture data (Jolly, 1965; Seber, 1965). As the names suggest, the two are closely19

related. Both model the recapture of marked individuals in terms of two sets of20

parameters: the capture probabilities (the probability that an individual alive on21

one sampling occasion is captured) and survival probabilities (the probability that22

an individual survives from on occasion to the next). The difference between the23

models is that the CJS conditions on the first release of each marked individual. This24

avoids any assumptions regarding the behaviour of the marked individuals, but the25

model provides no information about the size of the population. The JS also models26

the first capture of the marked individuals which allows estimation of the population27
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size on each occasion, but imposes assumptions on the behaviour of the unmarked1

individuals.2

The critical assumption of the CJS is that the probabilities of capture and survival3

are the same for all marked individuals. The JS further assumes that all individuals,4

marked and unmarked, share the same probability of capture. While these assump-5

tions may be reasonable for small or isolated populations, many factors may affect an6

individual’s probability of capture or survival and failure to account for such differ-7

ences has long been known to bias estimates of abundance (Gilbert, 1973; Carothers,8

1973). In general, there are two strategies to account for these differences. The first9

is to model the variations between individuals as the result of unexplained, random10

heterogeneity. Specific methods include the large sample bias correction of Hwang11

and Chao (1995), the simulation approach of Pledger and Efford (1998), and the12

explicit random effects models of Otis, Burnham, White, and Anderson (1978) and13

Pledger, Pollock, and Norris (2003). However, these methods have seen limited prac-14

tical application. The models of Hwang and Chao (1995) and Pledger and Efford15

(1998) impose restrictive assumptions and Link and Barker (2005) demonstrate that16

the distribution of the random effect is not identifiable so that different models may17

fit the observed data equally well but produce disparate estimates of abundance.18

The more widely applied approach is to model the differences in the capture and19

survival probabilities as functions of measurable covariates. Lebreton, Burnham,20

Clobert, and Anderson (1992) present a unified generalized linear modelling (GLM)21

framework to incorporate the effects of completely observable covariates in conditional22

open-population models, including the CJS. McDonald and Amstrup (2001) provide23

an ad hoc extension of this method to the JS to allow estimation of population size.24

As in the original JS, the estimate of the population size on any occasion is obtained25

in two stages by first estimating the unique capture probability for each individual26

captured and then computing a Horvitz-Thompson type estimate of abundance.27
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Covariates that vary both between individuals and over time will not be com-1

pletely observed for the marked individuals and so cannot be included in either of2

these methods. The effects of discrete covariates can be assessed with the multi-state3

CJS, originally formulated for three capture occasions by Arnason (1973) and later4

generalized and adapted to the JS by Schwarz, Schweigert, and Arnason (1993) and5

Dupuis and Schwarz (2007). In essence, the multi-state model assumes that the the6

values of the covariates (states) for each individual obey the Markov property, and7

likelihood contributions are formed by summing over all possible combinations of the8

missing covariate values weighted according to their probability of occurrence. The9

model of Bonner and Schwarz (2006) applies the same concept to incorporate contin-10

uous covariates into the CJS, but the resulting likelihood requires high-dimensional11

integrals in place of sums. This makes the likelihood difficult to evaluate, and so12

Bayesian inference was applied via the complete data likelihood and Markov chain13

Monte Carlo sampling (MCMC). A similar approach was used in King, Brooks, and14

Coulson (2008).15

The objective of the current work is to extend the method of Bonner and Schwarz16

(2006) to the JS and other unconditional open-population models. We show that17

careful selection of the prior distribution leads to an approximate Bayesian procedure18

that divides the problem into two simple steps, first drawing information about the19

capture probabilities from only the marked individuals and then applying these results20

to make inference about abundance. In section 2, we develop our approach for a21

general open-population model involving discrete covariates, extend this to models22

involving continuous covariates, and end with specific details for the JS type model.23

Sections 3 and 4 present an application of the JS type model to the study of Soay24

sheep (Ovis aries) on the Isle of Hirta and a simulation study based on the results.25

We conclude with a discussion of the method and its extension to more complicated26

data.27
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2 Methods1

2.1 Notation2

The prior density for parameter θ and its posterior density given the data X are3

denoted as πθ(·) and πθ(·|X). Random variables whose densities depend on the lim-4

iting argument, δ, are identified by subscripts, e.g. θδ. A conditional random variable5

whose distribution depends on δ is placed inside parentheses, e.g. (θ|X)δ. Densities6

and expectations that depend on the value of δ are identified by subscripts, e.g. πδθ(·)7

and Eδ
θ(θ|X) are the prior density and posterior mean of θδ.8

2.2 Development for Discrete Covariates9

We begin by deriving our method for a capture-recapture study comprising T > 210

capture occasions in which the probability of capture (and possibly other parameters)11

depends on a discrete covariate that varies between individuals and over time. This is12

equivalent to assuming that on each capture occasion the population can be divided13

into K groups of individuals who share the same probability of capture. Let Ukt14

represent the total number of unmarked individuals in group k on occasion t, pkt the15

capture probability for the individuals in this group, and ukt the number of these16

individuals that are captured. The K× t matrices containing the entries Ukt, ukt, and17

pkt are represented as U , u, and p. Data for the ith captured individual is summarized18

in two vectors of length T : the capture history, ωi, defined so that ωit = 1 if individual19

i was captured on occasion t and 0 otherwise, and the vector of group memberships,20

xi, which is only partially observed so that xit = k if the individual was captured in21

group k on occasion t and is missing otherwise. Combined data from all n individuals22

captured at least once during the study are represented in the pair of n× t matrices23

Ω and X. For notational convenience, we imagine that the information in Ω and24

X can be divided into two parts, the data from the first capture of each individual,25
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which is summarized in u, and the information conditional on the first release of each1

marked individual, denoted by Ω∗ and X∗.2

Following the development of Seber (1965) the likelihood function for an open-3

population experiment can be constructed as the product of two components, the4

first modelling the initial capture of each individual and the second modelling the5

subsequent events. Conditioning on the number of unmarked individuals alive in6

each group on each occasion and assuming independence between individuals, the7

probability of capturing ukt individuals from group k on occasion t follows a binomial8

distribution. The corresponding likelihood contribution is:9

L1kt(Ukt, pkt|ukt) =

(
Ukt
ukt

)
pukt
kt (1− pkt)Ukt−ukt

and the first likelihood component is simply the product:10

L1kt(U ,p|u) =
T∏
t=1

K∏
k=1

L1kt(Ukt, pkt|ukt).

The exact form of the second component will depend on the assumed dynamics of the11

population but is not needed in the theoretical development and is denoted simply by12

L2(p,θ|Ω∗,X∗). This component must be a function of p, and may also depend on13

an further set of parameters not appearing in L1, denoted by θ, but may only depend14

on the data conditional on first release of each marked individual (Ω∗ and X∗). For a15

study in which group membership is fixed and individuals can leave between any pair16

of occasions, L2 would be the product of the K CJS likelihood contributions for each17

group and θ the K×T −1 matrix of survival probabilities. If individuals could move18

between groups following a Markov process then L2 would represent the likelihood of19

a multi-state CJS model and θ would contain both both the survival and transition20

probabilities (Williams, Nichols, and Conroy, 2002, ch. 17 for an overview of these21

models).22
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We define the prior distribution by assuming independence between the three sets1

of parameters, U , p and θ. We also assume that the elements of U are independent2

and identically distributed a priori such that πU (U) =
∏

k,t πU(Ukt). Equating Ukt3

with the number of trials in a binomial experiment, the standard non-informative prior4

for this parameter is the improper Jeffrey’s prior with density πU(U) ∝ 1/U . This5

prior has been used in previous Bayesian analysis of capture-recapture and population6

census data (Dupuis and Schwarz, 2007; King and Brooks, 2001), but presents a7

problem in that it does not exist if U = 0 and the resulting posterior is undefined if8

ukt = 0 for for any k and t. To avoid this, we approximate Jeffrey’s prior by the (still9

improper) distribution with density:10

πδU(U) ∝

 1/δ U = 0

1/U U > 0
(1)

for some δ << 1.11

Bounding the prior density at Ukt = 0 in this way does generate a well-defined12

posterior for all possible u, but introduces a further problem in that E(Ukt|Ω,X)13

may be infinite if ukt = 0, even for seemingly reasonable priors on pkt (Appendix A14

shows that this may occur if pkt is assigned a uniform prior over all of (0, 1)). To avoid15

this, we further bound the prior density of pkt away from 0 for all k and t. Specifically,16

given a target prior distribution πp(p) defined over all of (0, 1)KT we define:17

πδp(p) ∝ πp(p) ·
T∏
t=1

K∏
k=1

1(pkt > δ).

The prior distribution for the remaining parameters in L2 need not depend on δ18

and is denoted by πθ(θ). The full prior density for a given value of δ is defined by19
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πδ(U ,p,θ) ∝
∏

k,t

(
πδp(pkt)π

δ
U(Ukt)

)
· πθ(θ) and the posterior density by:1

πδ(U ,p,θ|Ω,X) ∝ L1(U ,p|u) · L2(p,θ|Ω∗,X∗) · πδ(U ,p,θ).

Our method derives from studying the distribution of (U ,p,θ|Ω,X)δ as δ → 0 and2

πU(·) approaches Jeffrey’s prior.3

Our first claim is that the contribution of L1 to the marginal posterior distribution4

of p and θ can be ignored provided δ is small. Specifically, we prove:5

Theorem 1.16

As δ → 0:7

(p,θ|Ω,X)δ
D−→ (p,θ|Ω∗,X∗)δ

where the random variable (p,θ|Ω∗,X∗)δ has density:8

πδp,θ(p,θ|Ω∗,X∗) ∝ L2(p,θ|Ω∗,X∗) · πδp(p)πθ(θ).

9

Application of Scheffés Lemma then shows that for small δ this distribution can be10

approximated by replacing πδp(p) by the target prior πp(p). The exact result is:11

Theorem 1.212

As δ → 013

(p,θ|Ω∗,X∗)δ
D−→ p,θ|Ω∗,X∗

where the density of p,θ|Ω∗,X∗ is proportional to:14

L2(p,θ|Ω∗,X∗) · πp(p)πθ(θ). (2)

15

Combining Theorems 1.1 and 1.2 via the triangle inequality we obtain:16
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Theorem 11

As δ → 02

(p,θ|Ω,X)δ
D−→ p,θ|Ω∗,X∗.

3

The implication of this result is that the marginal posterior distribution of (p,θ)δ4

can be approximated by ignoring both the first component of the likelihood and the5

lower bound on prior distribution of p, provide that δ is small enough. Full proofs of6

these results are provided in Appendix B.7

Our second claim concerns the full conditional distribution of the number of un-8

marked individuals alive occasion t (i.e., the distribution of Ut =
∑K

k=1 Ukt given the9

data,p, and θ). Because U is a priori independent of p and θ and appears only in the10

first component of the likelihood, it is immediate that the full conditional distribution11

of U is proportional to:12

L1(U ,p|u)πδU (U) =
∏
k,t

L1kt(Ukt, pkt|ukt)πδU(Ukt).

and hence that the individual Ukt are independent a posteriori. We then find that:13

1. (Ukt|ukt, pkt)δ ∼ Neg. Bin.(ukt, pkt) for k and t such that ukt > 0, completely14

independent of δ, and15

2. (Ukt|ukt, pkt)δ
P−→ 0 as δ → 0 for those k and t such that ukt = 0.16

Application of Slutsky’s Theorem then yields:17

Theorem 218

As δ → 0:19

(Ut|u,p)δ
D−→

∑
{k,t:ukt>0}

Ukt|ukt, pkt

where Ukt|ukt, pkt are independent random variables with distribution Neg. Bin.(ukt, pkt).20

21
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This theorem implies that, for δ small enough, the groups for which ukt = 0 can be1

ignored in making inference about Ut, and, moreover the posterior distribution of the2

remaining Ukt has a very simple form given the capture probabilities. Proofs of these3

results are provided in Appendix C.4

A further important result concerns the convergence of moments for the posterior5

distribution. Given that (p,θ|Ω,X)δ
D−→ p,θ|Ω∗,X∗, the Portmanteau Theorem6

immediately implies that for any m Eδ(pmkt|Ω,X)→ E(pmkt|Ω∗,X∗) as δ → 0 because7

pmkt is bounded in (0,1). This result combined with the conditional independence of8

the Ukt and the fact that Ukt|ukt, pkt ∼ Neg. Bin.(ukt, pkt) then yields:9

1. Eδ(Ut|Ω,X) =
∑

k,t|ukt>0E
δ(Ukt|Ω,X) converges to:10

∑
{k,t|ukt>0}

Epkt
[EUkt

(Ukt|ukt, pkt)|Ω∗,X∗] =
∑

{k,t|ukt>0}

uktEpkt
(p−1
kt |Ω

∗,X∗) (3)

and11

2. Varδ(Ut|Ω,X) =
∑

k,t|ukt>0 Varδ(Ukt|Ω,X) converges to:12

∑
{k,t|ukt>0}Varpkt

[EUkt
(Ukt|ukt, pkt)|Ω∗,X∗] + Epkt

[VarUkt
(Ukt|ukt, pkt)|Ω∗,X∗]

=
∑
{k,t|ukt>0} uktVarpkt

(p−1
kt |Ω∗,X∗) + uktEpkt

((1− pkt)p−2
kt |Ω∗,X∗)

where expected values of functions of pkt are computed with respect to the posterior13

density of p defined by equation (2).14

Our conclusion is that approximate Bayesian inference for (U ,p,θ)δ given Ω and15

X can be obtained in two stages, each providing information about a subset of the16

parameters and depending on a subset of the data. For example, the posterior mean of17

Ut in equation (3) is approximated by computing the posterior means of p−1
1t , . . . , p

−1
Kt18

conditional on the first release of each marked individual and then summing the19

Horwitz-Thompson like contributions uktEpkt
(p−1
kt |Ω∗,X∗). In practice, quantities20
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like E(p−1
kt |Ω∗,X∗) will usually be intractable and instead can be estimated by sam-1

pling from the marginal posterior distribution via MCMC. Our results then imply2

that a sample of size D from the full posterior can be constructed in two separate3

steps:4

1. for d = 1, . . . , D generate p̃di , θ̃
d
i from the distribution whose density is propor-5

tional to (2), and6

2. for each d generate Ũd
kt ∼ Neg. Bin.(ukt, p̃

d
kt) for each k and t such that ukt = 0.7

The values Ũd
t =

∑
{k,t:ukt>0} Ũ

d
kt, d = 1, . . . , D, then comprise a sample whose quan-8

tiles, mean, and variance approximate the quantiles, mean, and variance of (Ut|Ω,X)δ9

for δ very close to 0.10

Although it might suffice to estimate Ut in some studies, estimating the total11

population size on occasion t requires further information about the number of marked12

individuals alive, Mt. If samples from (p,θ|Ω∗,X∗) are generated by MCMC then13

a sample of values from the posterior of Mt can be obtained by defining a set of14

indicator variables, sit i = 1, . . . , n, t = 1, ldots, T , that track when each marked15

individual is alive (as in the method of Royle, Dorazio, and Link, 2007). A complete16

set of indicators, s̃dit, will be generated on each MCMC iteration and the values17

M̃t,d =
∑n

i=1 s̃it,d and Ñt,d = Ũt,d + M̃t,d, d = 1, . . . , D provide samples from the18

posterior distributions of Mt and Nt respectively.19

2.3 Extension to Continuous Covariates20

We extend our method to studies involving a continuous covariate, x ∈ (a, b), by21

imagining that the range of the covariate can be partitioned into a large number of22

short intervals each containing only one value of the covariate. While this is impossible23

for a variable that is truly continuous, in practice, any variable can only be measured24

on a discrete scale and so it is conceptually possible to define a partition of intervals25

11



which contain at most one observable value. We then apply the method for the1

discrete case above: first obtaining inference for the capture probabilities from the2

data conditional on the first release of each marked individual and then conditionally3

estimating the population size on each occasion.4

To make this concrete, suppose the probability that individual i is captured on5

occasion t, given that it is alive, is p(xit|βt) where xit ∈ (a, b) is the value of the6

covariate and βt a set of (possibly time-dependent) parameters. Let πβ(β) denote7

the prior density of β = (β1, . . . ,βT ) and L2(β,θ|Ω∗,X∗) the component of the8

likelihood modelling the data conditional on the first release of each marked indi-9

vidual. Following the procedure above, we simulate β̃d and θ̃d from the posterior10

density π(β,θ)(β,θ|Ω∗,X∗) ∝ L2(β,θ|Ω∗,X∗)πβ(β)πθ(θ) via MCMC, incorporating11

the indicator variables sdit to compute M̃d
t . Letting Ut denote the set of individuals12

first captured on occasion t, we then generate Ũd
it ∼ Neg. Bin.(1, pt(xit|β̃dt )) for each13

i ∈ Ut, set Ũd
t =

∑
i∈Ut

Ũd
it, and treat Ñd

t = M̃d
t + Ũd

t , d = 1, . . . , D as a sample from14

the posterior distribution of Nt.15

2.4 Alternative Priors16

It is possible in theory to apply the marginalization procedure for any specification17

of πU(·) and πp(·). Summing the posterior density over Ukt for all k and t will18

always produce the marginal density of p and θ, though the result will rarely be19

tractable or independent of u. Moreover, two restrictions on the prior are needed20

to produce sensible results in applications with continuous covariates. First, it is21

necessary that πU(0) = 1/δ with δ very small (conceptually δ → 0). Otherwise,22

E(Ukt|ukt, pkt) will be non-ignorably greater than 0 for those k and t such that ukt = 023

and E(Ut|u,p) =
∑K

k=1E(Ukt|ukt, pkt) will be unreasonably large (tending to ∞ as24
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K increases). Second, our argument requires that:1

δ
∞∑
U=1

(1− δ)UπU(U)→ 0

as δ → 0 so that (Ukt|ukt, pkt)δ
P−→ 0 if ukt = 0 and values of the covariate which2

are not observed on occasion t can be ignored when making inference about Ut (see3

Appendix C for details).4

One family of improper distributions that satisfies these requirements is given by:5

πδU(U) ∝

 1/δ U = 0

(1− α)U/U U > 0
(4)

for α ∈ (0, 1). Similar calculations to those in the appendices show that as δ →6

0, (p,θ|u,Ω,x)δ converges in distribution to a random variable whose density is7

proportional to:8

L2(p,θ|Ω∗,X∗)πp(p)πθ(θ)
∏

{k,t:ukt>0}

(
1 +

α

p(1− α)

)−ukt

and that Ukt|ukt, pkt ∼ Neg. Bin.(ukt, α + pkt(1 − α)) for those k and t such that9

ukt > 0. In comparison to the posterior distribution derived in section 2.2, the new10

distribution assigns its mass to higher values of pkt and smaller values of Ukt, not11

surprising as (1− α)U/U < 1/U for all α < 1.12

2.5 Application to the Jolly-Seber Model13

To implement our method for any specific open-population model, one need only14

define the second component of the likelihood and the corresponding vector of pa-15

rameters, θ. Here, we provide details for the JS type model which is applied in the16

analysis of the Soay sheep data in section 3. Following Bonner and Schwarz (2006)17
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we define L2(p,θ|Ω∗,X∗) as the product of complete data likelihood contributions1

for each marked individual. Let ai = min{t : ωit = 1} denote the first occasion2

that individual i is captured and sit = 1 if individual i is alive on occasion t and 03

otherwise. The complete data likelihood contribution for individual i is:4

L2i(p,θ|ωi,xi) =
T∏

t=ai

[(
p(xit)

ωit(1− p(xit))1−ωit
)sit

·
(
φ(xit)

sit(1− φ(xit))
1−sit

)si,t−1

· f(xi,ai+1, . . . , xiT |xi,ai
)

]

where f(xai+1, . . . , xiT |xai
) denotes the density of xi,ai+1, . . . , xi,T given xi,ai

, pt(xit)5

the probability that individual i is captured on occasion t given that it is alive and6

φt(xit) the probability that the individual survives to occasion t+1. The full likelihood7

contribution is then L2(p,θ|Ω∗,X∗) =
∏n

i=1 L2i(p,θ|ωi,xi) and on each iteration of8

the MCMC algorithm a complete data set is generated by updating the unknown9

values of xit and sit conditional on all other random variables.10

In section 3, we assume p(·) and φ(·) to be linear functions of the covariate on the11

logistic scale with occasion specific intercepts but constant slopes for each age class12

(defined in the following section). That is:13

logit(p(t, a, x)) = β0ta + β1ax

logit(φ(t, a, x)) = γ0ta + γ1ax.

(5)

for occasion t and age class a. Bonner and Schwarz (2006) model the density of the14

covariate by assuming that the distribution of xi,t+1−xi,t is the same for all individuals15

alive on occasion t. This is reasonable in their analysis of the effect of body mass on16

the meadow vole (Microtus pennsylvanicus) because the data was limited to adults.17

The analysis of the Soay sheep presented in Section 3 includes individuals of all ages,18
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and so it is necessary to incorporate a more complicated model of body mass which1

accounts for the growth of young sheep. The specific model we have selected is2

based on the Ludwig von Bertalanffy (LVB) growth model with normally distributed,3

additive errors described by Quinn and Deriso (1999, pg. 156). Given xit we model4

xi,t+1 by:5

xi,t+1|xit ∼ N
(
x∞(1− e−r) + xite

−r, σ2
)

where x∞ is the asymptotic asymptotic body mass, r > 0 the rate parameter, and σ2
6

the error variance. Given these definitions, the vector of parameters occuring only in7

the second component of the likelihood is θ = (γ01, . . . , γ0,T−1, γ1, x∞, r, σ
2).8

3 Application9

In this section, we apply our method to study the dynamics of a population of Soay10

sheep living on the Scottish Island of Hirta. Hirta is a small island in the St. Kilda11

Archipelago 200 km off the west coast of mainland Scotland. The sheep were originally12

introduced to an even smaller island, Soay, though exactly when and by whom is not13

clear. By 1930 the population of the islands was reduced to the point that the14

remaining inhabitants were evacuated. At this time, all of the sheep were removed15

from the islands except for a small number that were transferred from Soay to Hirta16

where they established a feral population (Clutton-Brock and Pemberton, 2004).17

Since 1986, the sub-population of sheep living near the old town site, Village Bay,18

have been the subject of an intense study including annual capture and marking ses-19

sions, visual censuses, and searches for dead animals. This study has provided much20

information about the population’s dynamics. There are no predatory or competing21

species on the island, and so changes in the population depend mostly on competition22

between the sheep. In years when food is plentiful and the population size is low,23

the sheep are able to find food easily and the population grows rapidly. In years24
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when food is scarce or the population is high, there is strong competition amongst1

the sheep and many die. Smaller, younger sheep have higher mortality rates because2

they are more susceptible to the food shortages and males have lower survival rates3

than females because of the extra expenditures associated with the fall rut (see the4

papers in Clutton-Brock and Pemberton, 2004, for further details).5

As an example of our method, we applied our model to the data collected from the6

captures of the female sheep every August from 1986 to 2000. The data set comprised7

capture histories for 833 sheep of which 488 (59%) were captured and weighed on one8

occasion only (primarily because of the high mortality among lambs), 150 (17%)9

on two occasions, and 205 (25%) on three or more. An average of 56 individuals10

were marked in each of the 15 years, with counts ranging from 21 in 1986 to 96 in11

1987. Following Catchpole, Morgan, and Tavechia (2008) we have categorised the12

individuals into 4 age classes: lambs (year of birth), yearlings (second year of life),13

adults (ages 3-7), and seniors (8 years or older).14

Our analysis compared the fit of four different models combining the possible15

effects of age and body mass on the capture and survival probabilities. The most16

general model, Model 1, allowed for the effects of both age and body mass on the17

capture and survival probabilities by including age and occasion specific intercepts18

and age dependent slopes for both p(·) and φ(·), as defined in equation (5). Prior19

distributions were defined separately for each age class such that:20

β0ta ∼ N(µβ,a, τ
2
β,a)β1a ∼ N(0, 10000)

and similar for γ0ta and γ1a. Note that the capture probability for the lambs is21

not estimable, because lambs cannot be previously marked, and so we imposed the22

restrictions β0t1 = β0t2 and β11 = β12. The remaining three models were obtained by23

restricting the parameters of this model. Model 2 assumed no effect of age on either24
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the probability of capture or survival (β0t1 = . . . = β0t4 , β11 = . . . = β14 and the1

same for γ0ta and γ1a), Model 3 no effect of body mass (β1a = γ1a = 0 for all a),2

and Model 4 no effect of age or body mass (β0t1 = . . . = β0t4, γ0t1 = . . . = γ0t4, and3

β1a = γ1a = 0 for all a).4

Samples from the posterior distributions for all four models were generated through5

MCMC sampling implemented in OpenBUGS. Markov chains were run for 500,0006

iterations total, realizations from the first 100,000 iterations were discarded as burn-7

in, and the remaining realizations were thinned every 40 iterations to yield a sample8

of size 10,000 from the posterior distribution. BUGS code for Model 1 is included in9

the supplementary materials.10

Table 1 presents the values of the deviance information criteria (DIC) used to11

compare the four models (Spiegelhalter, Best, Carlin, and van der Linde, 2002).12

The DIC increased monotonically as the complexity of the models decreased and the13

smallest DIC value was produced the model including the effects of both age and14

body mass (Model 1). DIC values for Models 2 and 3 including only one of age and15

body mass were greater by 132 and 85 respectively providing very strong evidence16

that both are important predictors of capture and/or survival.17

The estimated survival and capture probabilities from the best fitting model are18

plotted as functions of time for fixed values of body mass in Figure 1 and as functions19

of the covariate for fixed time in Figure 2. Posterior summaries for the model pa-20

rameters are provided in Table 2. Capture probabilities generally decreased with the21

age of the sheep but were fairly consistent over time. There was some indication that22

the capture probability of the lambs and yearlings decreased with increasing body23

mass, but the 95% CIs of β1ta were relatively wide and covered 0 for all age classes.24

Survival probabilities for the seniors and adults were also close to constant over time,25

varied considerably between years for the lambs and yearlings. Higher body mass26

had a positive effect on the survival probabilities of all ages of sheep. This effect was27
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strongest for the lambs and yearlings, and weakest for the adults and seniors.1

Posterior summary statistics for the number of female sheep alive and the number2

recruited in each year from 1987–2000 are plotted in Figure 3. Reliable estimates3

for 1986 could not be obtained because there was no direct information concerning4

the capture-probabilities in this year. The population of female sheep seems to have5

increased over the 15 year period with sharp declines followed by rebounds in 1989,6

1992 and perhaps in 1999, though data from more recent years would be needed to7

confirm a rebound. The number of female lambs born each year was fairly steady8

from 1988 onward with the exception of decreases in 1989, 1992 and possibly 2000.9

The posterior mean for the total number of sheep alive during at least one sampling10

occasion was 954 with 95% CI (876, 1105).11

Previous estimates of the survival probabilities by Catchpole, Morgan, Coulson,12

Freeman, and Albon (2000) show very similar patterns of survival by age and time.13

Estimated survival probabilities were highest for the adults and yearlings and lowest14

for lambs. Estimates for all ages were lower than usual in the periods 1988-1989,15

1991-1992 and 1994-1995, with the lambs being affected most and the adults least.16

Estimates of the size of the female population also showed similar trends with low17

numbers and few births in 1986, 1989 and 1992.18

Fit of the LVB growth model was assessed by computing a posterior predictive19

p-value (also called a Bayesian p-value) (Meng, 1994; Gelman, Carlin, Stern, and20

Rubin, 2003, pg. 157-177). The discrepancy measure we selected compared the body21

masses observed on each recapture with their expected values under the LVB model:22

1

nrecap

n∑
i=1

∑
{t:t>ai,ωit=1}

(
zit − E(zit|θ, zit−i )

σ
√
t− t−i

)2

where nrecap =
∑n

i=1

∑T
t=ai+1 ωit denotes the total number of recaptures over all in-23

dividuals and t−i = max{s = 1, . . . , t : ωis = 1} the last occasion prior to t that24
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individual i was captured. The resulting p-value, .75, provided no evidence against1

the fit of the LVB growth model.2

[Table 1 about here.]3

[Table 2 about here.]4

[Figure 1 about here.]5

[Figure 2 about here.]6

[Figure 3 about here.]7

4 Simulation8

The performance of the new method was assessed through a simulation study based9

on the results obtained in section 3. To simplify the simulation, data was generated10

from a single age model with parameters based on the estimates for the yearling sheep,11

which indicated a strong effect of the covariate on both the capture and survival12

probabilities. We also present results from a second simulation scenario based on the13

same parameter estimates but with capture probabilities reduced by approximately14

one half. For comparison, all simulated data sets were analysed with both the new15

model and a Bayesian implementation of the standard JS model ignoring the effect16

of the covariate.17

In each of the two scenarios, we generated 100 data sets comprising capture his-18

tories for a population of 1000 individuals over 15 capture occasions. Data for each19

individual were generated by first simulating the time of birth, then the values of the20

covariate, and finally the survival and capture events. Time of birth was randomly21

selected from a period of twenty time units, starting 5 units before the first capture22

occasion to establish an adult population. The value of the covariate at birth was23
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simulated from a normal distribution with mean 11.6 and standard deviation 2.5, the1

observed mean and standard deviation of the body mass of the Soay sheep lambs.2

Values of the remaining parameters for the two scenarios are provided in Tables 3.3

All models were fit via MCMC simulation in OpenBUGS. Markov chains were run for4

50,000 iterations in total with the first 10,000 discarded as burn-in, and the remaining5

40,000 thinned every 8 iterations.6

Table 3 summarizes the performance of the new method in estimating the param-7

eters of the capture probability, survival probability, and LVB growth model. The8

posterior means for all parameters were negligibly biased in both scenarios, except9

for the parameters τ p and τφ whose posterior distributions were highly skewed. In10

the first scenario, the 95% credible intervals covered their respective parameters for11

at least 95/100 of the simulated data sets. Coverage of the 95% credible intervals was12

slightly lower than nominal for some parameters in the second simulation scenario,13

including both β1 and γ1.14

Figure 4 compares the error in the posterior mean population size on each occasion15

for the new model and the Bayesian implementation of the standard JS model. Pos-16

terior means from the model accounting for the effect of the covariate had negligible17

bias (less than 1% on average in the first scenario an 3% in the second, including the18

estimates from the first capture occasion which are affected by confounding between19

the initial capture and survival probabilities). The 95% credible intervals covered the20

true population size for more than 95% of the data sets in the first scenario and 87%21

in the second. In comparison, posterior means from model ignoring the covariate22

were positively biased by 6.6% in the first scenario and 23% in the second and the23

95% credible intervals covered the true values for only 40% and 58% of the data sets24

in the first and second scenarios respectively (even when results for the first occasion25

was excluded).26

[Table 3 about here.]27
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[Figure 4 about here.]1

5 Discussion2

The objective of this work was to develop a method to estimate the size of an open-3

population from mark-recapture data while properly accounting for the effects of4

individual, time-dependent covariates on the probability of capture and other de-5

mographic parameters. The simulation results in Section 4 clearly demonstrate the6

importance of including the effects of such quantities. In particular, the second sce-7

nario shows that estimates of the population size may be biased by more than 20%8

if the covariate is ignored. By conditioning the likelihood on the set of unmarked9

individuals alive on each occasion and selecting a specific prior for these parameters,10

our method yields a procedure that separates inference into two, intuitive steps. The11

posterior distribution of the capture probabilities and other demographic parameters12

is approximated conditional on the first release of each marked individual in the first13

step and then used to draw inference about the population size in the second. Section14

2.5 details the method for the JS model, but the technique applies to any model which15

conditions on the set of unmarked individuals including recapture-resighting-recovery16

and more complex structures like the robust design of Pollock (1982).17

One surprising result is that our method does not require a model of the distri-18

bution of the covariate for the animals that are never captured. This is important19

because, as Link and Barker (2005) demonstrated for completely unobserved random20

effects, different distributional assumptions may fit the data equally well but produce21

very different inferences about the population size. Of course, there is a trade-off22

between the bias and precision of the estimates of the populations size. Models which23

specify the complete distribution of the covariate will produce more precise estimates,24

but will be biased if the modelling assumptions are incorrect. Our method does not25
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suffer from this possible source of bias, but estimates will be less precise, in effect1

because they allow for complete uncertainty about the unconditional distribution of2

the covariate.3

One drawback of our method is that the parameter Nt does not appear in the4

likelihood and so it is not possible to incorporate prior knowledge concerning the5

population size directly. A way to overcome this may be to employ a variation of6

the Bayesian melding algorithm of (Poole and Raftery, 2000). In essence, Bayesian7

melding provides a method of reweighting samples from the posterior distribution of8

a complex model to account for prior beliefs about derived parameters which do not9

appear in the likelihood. We believe that a similar approach could be applied for our10

model and are currently exploring this possibility.11

Another approach that has been applied to a wide range of capture-recapture12

studies involving covariates (though not individual, time-dependent, and continuous)13

is the data augmentation (DA) strategy of Royle et al. (2007). In essence, DA provides14

a technique for sampling from the posterior distribution for a model involving an15

unknown number of multinomial trials (e.g., the number of individuals ever available16

for capture). If the number of trials is considered random then the set of unknowns,17

including the covariate values for the unobserved individuals, will not be fixed. A18

sample from the posterior distribution of such a model could be obtained with the19

reversible jump MCMC algorithm of Green (1995), but this can be very complicated20

to implement. Royle et al. (2007) avoid this by augmenting the data with a large,21

fixed number of unobserved individuals. A complete data set is then generated on22

each iteration of their MCMC algorithm by simulating the data for each of these23

individuals including the values of the covariate and whether or not it belongs to the24

true population. Realizations of the population size are generated simply by summing25

the number of individuals in the true population on each iteration.26

The same strategy could be applied to capture-recapture analysis involving con-27
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tinuous, time-dependent, individual covariates, but we perceive two disadvantages.1

First, simulating complete data for the individuals in the augmented data set will2

require modelling the covariate’s unconditional distribution. Second, the computa-3

tional complexity of the DA method depends on the size of the augmented data set4

and the method will be inefficient if the population size is very large (populations of5

Pacific salmon which migrate along the Fraser and Columbia Rivers each year number6

in the millions). In contrast, our solution only requires a model of the covariate’s dis-7

tribution conditional on the value observed when an individual is first captured, and8

its computational complexity depends only on the number of individuals captured.9

We conclude with one important caveat to the application in section 3. Al-10

though the trends in the estimated population size match well with previous results,11

the absolute estimates are in fact smaller in every year. This is caused by forcing12

β0t1 = β0t2 and β11 = β12. The capture probabilities of the yearlings decline with13

body mass(β12 < 0) and extrapolating to the lower body masses observed for the14

lambs results in significantly higher capture probabilities (approximately .80 for the15

lambs versus .65 for the yearlings). We know from the complete data set includ-16

ing recaptures and resightings that this overestimates the capture probabilities of the17

lambs which leads to underestimation of the number of births and the population size.18

Unfortunately, the capture probabilities for the lambs cannot be estimated without19

some assumption relating the lambs to the other age classes. Alternatives would be20

to completely exclude the lambs from the estimate of population size or to model the21

intercept of the capture probability as a linear function of age.22
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Appendices8

A Expectation of Ukt when πpkt
(p) = 1(0 < p < 1)9

To demonstrate what may happen if πp(·) is positive over all of (0, 1)KT when10

πUkt
(0) = 1/δ, let πp(p) =

∏K
k=1

∏T
t=1 1(0 < pkt < 1). If no individuals are cap-11

tured in group k on occasion t then pkt will not appear in the second component of12

the likelihood, and the posterior density of Ukt and pkt will be defined by:13

πδUkt,pkt
(U, p|Ω,X) ∝


1
δ

U = 0

(1−p)U

U
U > 0

.

Integrating with respect to p and computing the normalizing constant produces the14

marginal posterior density for Ukt:15

πδUkt
(Ukt|Ω,X) =


1

1+δ
U = 0

δ
U(U+1)(1+δ)

U > 0
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and hence:1

Eδ(Ukt|Ω,X) =
δ

1 + δ

∞∑
U=1

1

(U + 1)

=∞

for all δ > 0. However, if πp(p) ∝
∏K

k=1

∏T
t=1 1(δ < p < 1) then:2

Eδ(Ukt|Ω,X) =
δ
∑∞

U=1
(1−δ)U+1

U+1

1 + δ
∑∞

U=1
(1−δ)U+1

U(U+1)

which is finite for all δ > 0 and tends to 0 as δ → 0.3

B Proof of Theorem 14

Proof of Theorem 1.15

Lemma 1.1.a The sequence:6

∞∑
U=1

(1− p)U

U

converges for all p ∈ (0, 1) and is a decreasing function of p.7

Proof. For fixed p, the ratio of consecutive terms is:8

(1− p) U

U + 1

which tends to (1− p) < 1 as U →∞. The ratio test then implies that the series is9

absolutely convergent for all p ∈ (0, 1).10

Differentiating the series with respect to p yields:11

−
∞∑
U=1

(1− p)U−1 = −1− p
p
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which is negative for all p ∈ (0, 1). Hence, the sum is decreasing as a function of1

p.2

Lemma 1.1.b The function:3

g(δ) = δ
∞∑
U=1

(1− δ)U

U

converges to 0 as δ → 0 from above.4

Proof. By application of l’Hopital’s rule:5

lim
δ→0+

g(δ) = lim
δ→0+

δ2

∞∑
U=1

(1− δ)U−1

= lim
δ→0+

δ

= 0

6

Let ε > 0. For fixed δ, the posterior marginal density of p and θ is given by:7

πδp,θ(p,θ|Ω,X) ∝
∞∑

U11=u11

· · ·
∞∑

UKT =uKT

L1(U ,p|u) · L2(p,θ|Ω∗,X∗) · πδ(U ,p,θ)

=
∏
k,t

(
∞∑

Ukt=ukt

L1kt(Ukt, pkt|ukt)πδU(Ukt)

)
· L2(p,θ|Ω∗,X∗)πδp(p)πθ(θ).

For those k and t such that ukt > 0:8

∞∑
Ukt=ukt

L1kt(Ukt, pkt|ukt)πδU(Ukt) =
∞∑

Ukt=ukt

(
Ukt
ukt

)
pukt
kt (1− pkt)Ukt−ukt · 1

Ukt

=
1

ukt

∞∑
Ukt=ukt

(
Ukt − 1

ukt − 1

)
pukt
kt (1− pkt)Ukt−ukt

=
1

ukt
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noting that the final sum is the probability that a negative binomial random variable1

with parameters ukt and pkt is greater than or equal to ukt, which is 1. Since ukt is part2

of the observed data, this contribution to the posterior can be ignored completely.3

For those k and t such that ukt = 0:4

∞∑
Ukt=ukt

L1kt(Ukt, pkt|ukt)πδU(Ukt) =
1

δ
+

∞∑
Ukt=ukt

(1− pkt)Ukt

Ukt

∈
(

1

δ
,
1 + g(δ)

δ

)

for all p ∈ (δ, 1) by Lemma 1.1.a. Hence:5

πδp,θ(p,θ|Ω,X) <

∏
{k,t:ukt=0}

(
1
δ

+ g(δ)
)
L2(p,θ|Ω∗,X∗)πδp(p)πθ(θ)∫ ∫ ∏

{k,t:ukt=0}
(

1
δ

)
L2(p,θ|Ω∗,X∗)πδp(p) dp dθ

< (1 + g(δ))KT
L2(p,θ|Ω∗,X∗)πδp(p)πθ(θ)∫ ∫
L2(p,θ|Ω∗,X∗)πδp(p) dp dθ

= (1 + g(δ))KT πδp,θ(p,θ|Ω∗,X∗)

By Lemma 1.1.b ∃δ1 > 0 such that δ < δ1 implies:6

g(δ) < (1 + ε)1/KT − 1

which implies that:7

πδp,θ(p,θ|Ω,X) < (1 + ε)πδp,θ(p,θ|Ω∗,X∗).

Integrating over the rectangle (δ, p11)× . . .× (δ, pKT ) then implies:8

Πδ
p,θ(p,θ|Ω,X) < (1 + ε)Πδ

p,θ(p,θ|Ω∗,X∗)

< Πδ
p,θ(p,θ|Ω∗,X∗) + ε.
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Similarly:1

πδp,θ(p,θ|Ω,X) > (1 + g(δ))−KT πδp,θ(p,θ|Ω∗,X∗)

and by Lemma 1.1.b ∃δ2 > 0 such that δ < δ2 implies:2

g(δ) < (1 + ε)1/KT − 1

which in turn implies that:3

Πδ
p,θ(p,θ|Ω,X) > Πδ

p,θ(p,θ|Ω∗,X∗) + ε.

Thus, ∀δ < min(δ1, δ2):4

|Πδ
p,θ(p,θ|Ω,X)− Πδ

p,θ(p,θ|Ω∗,X∗)| < ε

which is the definition of convergence in distribution.5

Proof of Theorem 1.26

Note that πδp,θ(p,θ|Ω∗,X∗)→ πp,θ(p,θ|Ω∗,X∗) for all p and θ such that πp,θ(p,θ|Ω∗,X∗) >7

0. Theorem 1.2 is then an immediate consequence of Scheffe’s Lemma (see e.g. ?,8

pg. ?).9
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C Proof of Theorem 21

Proof. For any k and t such that ukt > 0 the full conditional distribution of Ukt has2

density:3

πδUkt
(Ukt|ukt, pkt) ∝

(
Ukt
ukt

)
pukt(1− p)Ukt−ukt · 1

Ukt

∝
(
Ukt − 1

ukt − 1

)
pukt(1− p)Ukt−ukt·

which is the density of a negative binomial random variable with parameters ukt and4

pkt, independent of δ.5

For any k and t such that ukt > 0 the full conditional probability that Ukt = 0 is:6

(
1
δ

)(
1
δ

+
∑∞

U=1
(1−pkt)U

U

) =

(
1 + δ

∞∑
U=1

(1− pkt)U

U

)−1

→ 1

as δ → 0 for all pkt ∈ (0, 1), which implies that Ukt
P−→ 0.7

Slutsky’s theorem then implies that as δ → 0:8

(Ut|u,p)δ =
∑
k,t

(Ukt|ukt, pkt)δ
D−→

∑
{k,t:ukt>0}

Ukt|ukt, pkt

where Ukt|ukt, pkt ∼ Neg. Bin.(ukt, pkt).9
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Figure 1: Effect of time on the capture and survival probabilities of the female sheep.
The plotted values summarize the posterior distribution of the capture probability
(top) and survival probability (bottom) of sheep with the average observed body mass
for each age class, as indicated in the legend. For each age × year the point represents
the posterior mean and the error bars indicate the extents of the 95% CIs.
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Figure 2: Effect of body mass on the capture and survival probabilities of the female
sheep. The solid lines indicate the posterior mean capture probability (top) and sur-
vival probability (bottom) as a function of body mass, with the intercept parameters
equal to the hierarchical mean for each age group. The dotted lines indicate the
extents of the pointwise 95% CIs. For each age class, the posterior distributions are
only summarized over the range of observed covariate values.
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Figure 3: Estimated female population size and number of female births by year.
Points in the top plot indicate the posterior mean population size for each year with
95% CIs represented by the error bars. Points in the bottom plot indicate the posterior
mean number of births per year with 95% CIs represented by the error bars.
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Figure 4: Error in the posterior mean estimate of population size for the two simula-
tion scenarios. For each of the scenarios, the black symbols represent the distribution
of errors for the standard JS model and the grey symbols the distribution of errors
for the modelling including the covariate. The boxes extend between the first and
third quantiles of the error, and the whiskers between the 2.5 and 97.5 percentiles.
The line through each box represents the mean error (bias).
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Table 1: DIC selection criterion for the four models fit to the female Soay sheep data.

Model DIC pD
1) p(t× w × a), φ(t× w × a) 3612.1 66.1
2) p(t× a), φ(t× a) 3697.0 59.7
3) p(t× w), φ(t× w) 3744.2 29.3
4) p(t), φ(t) 3937.9 21.4
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Table 2: Posterior summary statistics for parameters of Model 4 including the effects
of both age and body mass on the capture and survival probabilities. Statistics
provided are the posterior mean and 95% CI in parentheses. Parameters of the
covariate distribution are common to all sheep. The remaining parameters vary by
age class.

Par. Lambs Yearlings Adults Seniors
µβ 3.16(-0.44, 7.14) 0.60(-0.97,2.08) -0.50(-3.72,2.81)
τβ 0.64( 0.08, 1.21) 0.63( 0.34,0.98) 0.73( 0.14,1.30)
β1 -0.12(-0.33, 0.07) 0.00(-0.06,0.06) 0.02(-0.12,0.14)

µγ -5.23(-7.10,-3.48) -4.02(-8.43,-0.21) -0.95(-2.98,1.08) -2.76(-5.88,0.22)
τγ 1.79( 0.96, 2.76) 1.74( 0.60, 3.29) 0.55( 0.06,1.11) 0.49( 0.04,1.33)
γ1 0.41( 0.29, 0.53) 0.35( 0.14, 0.61) 0.13( 0.05,0.22) 0.14( 0.01,0.27)
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Table 3: Results of the simulations based on the model fit to the Soay sheep. Per-
formance of the model in the two scenarios was assessed by the percent bias of the
posterior mean, and the percent width and coverage of the 95% credible interval of
the key model parameters.

Scenario 1 Scenario 2
Par. Truth Bias Width Cover. Truth Bias Width Cover.
µp 3.5 -1.1 54.8 96.0 0.6 0.6 395.1 91.0
τ p 0.6 4.0 95.0 97.0 0.6 0.6 98.8 98.0
β1 -0.1 1.4 74.0 95.0 0.1 -0.1 144.2 89.0

µφ -3.5 2.7 69.7 95.0 -3.5 -3.4 83.7 96.0
τφ 1.7 11.6 72.0 95.0 1.7 1.9 68.9 99.0
γ1 0.3 0.9 19.1 98.0 0.3 0.3 34.6 92.0

z∞ 24.5 0.0 1.9 98.0 24.5 0.0 2.7 94.0
rz 0.5 0.0 11.9 97.0 0.5 0.0 19.3 94.0
σz 2.0 -0.2 5.6 99.0 2.0 0.0 10.0 90.0
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